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Abstract

This study presents a new triangular finite element
for modeling thick sandwich panels, subjected to ther-
mo-mechanical loading, based on a {3,2}-order single-
layer plate theory. A hybrid energy functional is em-
ployed in the derivation of the element because of a C"
interelement continuity requirement. The single-layer
theory is based on five weighted-average field variables
arising from the cubic and quadratic representations of
the in-plane and transverse displacement fields,
respectively. The variations of temperature and distrib-
uted loading acting on the top and bottom surfaces are
non-uniform. The temperature varies linearly through
the thickness.

Introduction

The analysis of sandwich constructions with aniso-
tropic composite facings for thermal stresses is of pri-
mary importance for the efficient design of high-speed
aircraft and missiles. Subjected to hot environments, an
analysis of such complex vehicles made of sandwich
constructions can be performed by employing standard
three-dimensional finite elements. However, this meth-
od is computationally demanding and very costly. An
alternative to using standard elements is the employ-
ment of finite elements based on either a single-layer or
discrete-layer plate theory in order to eliminate the dis-
cretization in the transverse direction. Concerning me-
chanical loading only, Das et al.' provided an extensive
review of the previous studies and introduced a new
triangular finite element based on a single-layer theory.

A majority of the previous work concerning only
thermal loading utilized the first-order shear deforma-
tion theory (FSDT). Extensive reviews of this theory, in
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the context of linear and non-linear finite element anal-
ysis, can be found in Refs. [2]-[5]. Although the FSDT
provides acceptable mid-plane displacements, as well
as in-plane stress components, it fails to capture the
accurate behavior of transverse stresses, especially
when analyzing sandwich constructions, which may
have extremely different mechanical and thermal prop-
erties.

In order to improve the FSDT, Rolfes et al.’ devel-
oped a post-processing technique for computation of
the transverse stresses by integrating the equilibrium
equations in conjunction with a predictor-corrector
approach when analyzing laminates. Park and Kim’
also introduced an approach to improve the FSDT by a
two-phase analysis process. The first phase involves
computation of the displacement components by inte-
grating the transverse strains from the finite element
analysis of FSDT. The second phase involves updating
the force vector based on the non-linear part of the
displacement components for further finite element
analysis. Thankam et al.® developed a material finite
element for which the displacement approximation in-
cludes material properties, as well as the element coor-
dinates. The expressions for the in-plane displacements
are obtained from modified equilibrium equations.

Kant and Khare’ employed a {3,0}-order plate
theory with cubic variation for in-plane displacements
and a uniform transverse displacement. This theory
does not require shear correction factors, and the
resulting element utilizes a C° isoparametric interpola-
tion function. However, as discussed by Naganarayan et
al.,' this type of element is prone to error in the case of
thermo-elastic loading. The error is traced to the non-
participation and/or inconsistent participation of the
higher-order terms of certain components of the strain
fields in the total potential. In the case of thick lami-
nates and sandwich constructions, the major shortcom-
ing of this theory is the assumption of uniform trans-
verse deformation. Employing the {1,2} single-layer
theory and exact solution, Tessler et al.'' showed that
the transverse deformation is not uniform. Although the
single-layer plate theory captures the non-uniform
transverse deformation, it fails to capture the discontin-
uous slope of the in-plane and transverse displacement
components in the thickness direction.
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The zig-zag theories and layer-wise theories elimi-
nate this shortcoming of the single-layer theory. These
theories enforce the continuity of in-plane displace-
ments and transverse shear stresses at each layer inter-
face, as well as the zero transverse shear stress at the
top and bottom surfaces. Ali et al.,'> Kapuria et al.,”
and Xiaoping and Liangxin'* extended such theories to
investigate the response of laminates and sandwich
beams under thermal loading. Although layer-wise
theories are suitable for the development of new finite
elements, they become computationally expensive for
sandwich structures containing multi-layered face
sheets.

In order to take advantage of the computational effi-
ciency of the single-layer theory, this study presents a
new triangular sandwich finite element for thermo-
elastic analysis based on a hybrid-stress finite element
formulation while employing the {3,2}-order single-
layer plate theory developed by Das et al.' It captures
both the transverse stresses and the discontinuous slope
of the in-plane and transverse displacement components
in the thickness direction by post-processing proce-
dures. This element is validated by comparison against
the exact solution for a simply supported laminate and a
sandwich construction subjected to non-uniform tem-
perature distribution.

Element Description

The sandwich element is composed of two face
sheets with a soft core in between, as shown in Fig. 1.
The mid-plane of the triangular sandwich element coin-
cides with the (x,y) plane of the element coordinate
system. The origin of the element coordinate system is
located at a node, and the x-axis is directed along an
edge. The vector n, represents the unit normal to the
K" edge. The element has a uniform thickness of 2h.
The thicknesses of the core and face sheets are denoted
by h, and h,, respectively. The face sheets, as well as
the core, can be composed of homogeneous, elastic, or-
thotropic material layers. Each ply forming the face
sheets has elastic moduli E,,, E,,, and E,;; shear
moduli G,,, G,;, and G,,; Poisson’s ratios Vv,,, v,,,
and v,;; and thermal expansion coefficients «;, «,
and ¢, , where subscripts 1 and 2 are the material coor-
dinates. For an isotropic core material, the Young’s
modulus, Poisson’s ratio, and thermal expansion coef-
ficient are defined as E_, v,, and ¢, , respectively.

As shown in Fig. 1, the sandwich element is sub-
jected to arbitrarily distributed loading acting on its
upper and lower surfaces. The load distributions acting
in the direction normal to the upper and lower surfaces
are denoted by ¢ (x,y) and ¢ (x,y), respectively.
The concentrated forces in an arbitrary direction are
also considered as part of the external loading. The top
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Fig. 1 Geometric description of the thick sandwich
plate element.

and bottom surfaces of the element are exposed to the
temperature variation of 7' (x,y) and T (x,y), re-
spectively, The temperature varies linearly through the
thickness. Furthermore, the sandwich element is sub-
jected to arbitrary kinematic boundary conditions.

As shown in Fig. 1, this triangular element contains
13 degrees of freedom at each node. These degrees of
freedom consist of two in-plane displacements (u,v),
two out-of-plane rotations (6,,6,) , and three transverse
nodal displacements (w, w;, w,) and their derivatives
(Wes Wi Wi W, Wy, W, ). The weighted-average
in-plane displacement components in the x- and y-
directions are denoted by u and v, respectively. The
weighted-average transverse displacement is denoted
by w. The weighted-average bending rotations about the
negative x- and positive y-axes are denoted by &, and
6, , respectively. Their positive sign convention is
shown in Fig. 1. The transverse displacements, w, and
w, (not weighted-averaged), represent the symmetric
and anti-symmetric expansion modes through the thick-
ness of the element.

Higher-Order {3.2} Plate Theory

The {3,2}-order plate theory implies that the in-plane
displacement components vary cubically and the trans-
verse displacement component varies quadratically
across the thickness of the panel. At any point in the
panel, the in-plane displacement components in the x -
and y -directions are represented by u (x,y,z) and
u, (x,y,z), respectively, and the transverse displace-
ment component by u_(x,y,z) . In accordance with the
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{3,2} plate theory, the displacement components of the
sandwich panel are defined in the form

u (x,y,2) =uy(x, y) +u (x, y)¢

5 s (1a)
+uy (%, ¥)G +uy(x, )¢
u,(x,,z) =v,(x,») +2 vi(x, )¢ 3 (1b)
0, (5,07 v (x, ¥)¢
u, (x,y,2) = w(x,y)+w(x,y)¢
(Ic)

+w, (x,)(¢ -1/5)

where ¢ =z/h is the normalized thickness and varies
inthe range —1<¢ <1.
As introduced by Tessler,"”” the weighted-average

quantities through the thickness of the panel are defined
as

5

h

(u(x, ), (%, ) =ﬁ [ (. Ce, 3,20, (x5, 9,2)) dz (22)

—h

(6,(x.).6,(x.»))

h 2
:zi;f_h(”y(x,y,z),ux(x,y,z))zdz ( )
w(x, ) :% I, w o)1=z (20)

Enforcing the definition for weighted-average kine-
matic variables results in the expressions for #, and v,
(i=2,3) in terms of the weighted-average kinematic
variables, u, v, 6., and 6,, and the unknown coeffi-
cients, u, and v, (i=0,1). The unknown coefficients,
u, and v, (i=0,1), are determined by imposing the
condition of zero transverse shear strains on the top and
bottom surfaces of the sandwich panel.

After determining the coefficients u, and v, (i=0,1,
2,3), the displacement components, u, and u,, are ex-
pressed in terms of the weighted-average quantities
(u,v,w,0,,0)) as

u,(x,y,z) =u(x,y)+hio (x,)
+ (l_%zJ hw],x (x,»)

6
s (3a)

+h (% —%j B(ﬂy (x.7)+w, (x,7))

o, ()]

u, (x,y,2) =v(x,y) +heb,(x, y)

1.
+[6 5 ]hwl,y(x7y)

X —

(3b)

b, () |

Substituting for the displacement components from
Egs. (3) and (1¢) in the strain-displacement relations of
the elasticity theory, the strain components can be ex-
pressed in the form

_(0) (0
Ep = gaﬂ+h§ K.z

(a,f=x,y) (42)

A5

_(0) (0)
E.= & + 2h§ K.

(4b)
(oy) = %(1 —ON Oy Oy

in which the resultant strains and curvatures are defined
as

e =u., Ve =v_,

©) ) v (5a)
e.=w/h, Vo =U, Y,

Ve = hw.. , (l)gyy =hw, , (])}/Xy =2hw,, (5b)
© K., = 0‘, X (O)K‘vy = Hx v
- ’ - (5¢)
© K:z = M/Z/h2 2 (O)KXY = HX.X +9)’s)’
O] 5
K-xx = Z(ey,x + M},xx) + WZ,xx (Sd)
Og = E(0 W)+ (5e)
Ky = 4 Wiy ) T Wy €
e =20 40 2w )+2 5f)
K.xy - 4( X,x ¥,y W,xy) W2,xy (
(0)7))2 = W,y + ex’ (0)7):2 = Wx +0y (Sg)

Unlike the conventional form of the relationship
between the stress, o, and the strain, &;, components,
an alternative “mixed” form of the constitutive equa-
tions is employed as
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o"if ) 611 612 R; 0O 0 516
O-,E’ch) 12 n Ry 0 0 26
gik : _ _R13 _R23 S33 0 0 _R63
O-Ek) 0 0 0 Cu Cy
a? 1o 0 0 C, C
(k) ~ ~ ~
O, _Cm Cy Ry O 0 Ces i
R (6)
Ear 9 1 9 2 (_:1 s 0 “
&y Cs 2 w 0 a,,
% O-ZZ —AT _R13 _R23 _R63 _1 ayy
V- 0 0 0 0 a,
Ve 0 0 0 0 a,,
Vay L Cis Cs G O i

in which the superscript (k) indicates that the quantities
are obtained from the stress-strain relations in the 4™
layer, and strain and stress quantities without the super-
script on the right-hand side of Eq. (6) represent
through-the-thickness behavior. The components of the
material property matrix are defined as

C = — ROC (ij =12.6) (7a)

RY =CPSE with S = (i =1, 2,6) (7b)

iy
The temperature change from a reference state, AT , is
assumed to vary linearly through the thickness and it
has a non-uniform variation defined by 7'(x,y) such

that

AT =(T+T4)T(x.7) (8)

where 7, and 7, can be expressed in terms of the

surface temperatures at the top and bottom surfaces,
ie.,

le[mx,y)w(x,y)J

"2 T(x,

) () ©)
f :l T (an/)_T (X,J/)

2 T(x,y)

The transverse normal strain in the & layer can then be
expressed as

(k) _ (k) (k) (k) (k)
gzz - _R13 8)0: _R23 g}y _R63 7xy +S33 O (10)
(k) -, (k) (k) o, (k) (k) ., (k)
+AT(RY oY + R + Ry

in which the continuous through-the-thickness varia-
‘Fions of ¢, and 7, (a,B=x,y) are.known explic—
itly, but not that of o, . In order to achieve a continu-

4

ous through-the-thickness distribution of the transverse
normal stress, a cubic polynomial is assumed for o as

0. (%,y,2) =0 (6, )+ 4o, (x,y)  (11)

where ¢(&)=¢ ~¢*/3 and o_, and o, are unknown
functions of x and y. The unknown functions of the
transverse stress component, o_,and o,,, are deter-
mined such that the transverse strain component &*’
becomes the least-squares equivalent of the kinematic
definition of the transverse normal strain component
(i.e., €. =u__). This is achieved by minimizing the
total error between &' and ¢_ through the thickness
of the panel, i.e.,

h
min { I (g(zk )

—h

(12)

—u) dz}

Minimization of Eq. (12) with respect to o_, and o,

results in the expression for o_, and o, in the form

R
Gzzl qs qlc K }"2

in which the known vectors q/, and q! (o =g¢,x) are

defined as
q: ={qu qzﬂa qaa} @sx) (14
qa = {qla q2a q7a}

with their explicit expressions given in Appendix A.
The resultant strain and curvature vectors are defined

by

(0) (0)

Sy

p 0
é: {( )gxx’

Voo "eur Ve, My, ) (150)

" :{w)K (0

m m
K, K ny}(lsb)

»

Governing Equations

The governing equations concerning the equilibrium
equations and continuity of interelement displacements
along the element edges are derived based on the prin-
ciple of minimum potential energy. The unknown trac-
tion components, A, A , and A , acting along the
element edge ensure the continuity of interelement dis-
placements.

For a sandwich element subjected to normal tractions
on the top and bottom surfaces, ¢ (X,¥,%) and
4 (x,y,—h), respectively, and the unknown interele-
ment tractions, 4., 4,, and 4., along the edges, the
total potential energy, Il , of the element “¢” is
expressed as

ekl
e
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h
- (k) *) N 4o
He—J.J‘(Oj E.to, 6 o g +o Yy,
A4, ~h

10y 00y, )dzdA— [ (g u.(x.y.h))dA
A,

+ﬁquuy,mVA “ (16)

—jj[ —u,)+ A, —u,,)
+AZ (u, —u, )] dzdl'

where A, represents the area of the element mid-sur-
face and I', the boundary of the element. The displace-
ment components, u u,, and u,, belong to the
adjacent elements denoted by a. In accordance with the
{3,2} plate theory, the weighted-average quantities
associated with the adjacent element are represented by
u w,, 8 ,and 6

xa ? ya *

xa 2 za

a?’ a’

The governmg equations are obtained by enforcing
the first variation of the total potential energy with
respect to the element unknowns (i.e., the displacement
components, u,, u,, and u_, and the interelement
tractions, A, A4, and A, ) to vanish. This requirement
results in )

h
ST, = I I(O‘;f)ﬁé‘m + o-)(;)é'ew +o_ 0l + 0';’2‘)57}7

(“5% +0438y,, + 028y, + a(“@/xy)dz dA
_ J q"Su.(x,y,h))dA

A,

+ [ (g70u.(x. y,~hy) dd (17)

B I j‘[5’1x(“x —u,,)+ oA, (u, —u,,)

r -

¢

+ A, (u, —um)]dzdF

| f [ A.0u, +A,6u, +A.0u. |d=dl" =0
T, —h

Substituting for the displacement and strain components
from Egs. (1), (3), (4), and (10) in conjunction with
Egs. (11) and (12) and integrating through the thickness
in Eq. (17) result in

é‘l‘[ﬁ:J.{mN 5("75 +‘°‘N6 £, + ! N§ £, +(Q7N§ 7

+ NV + N 6" "N 8"y,

0) 0) (0) (0) 0) (0) (0) (0)
+"M 6"k +"M 6"k +""M_ 6"k _+"M 6"k,

(continued in next column)

o m m M M O

+M 0k, +M 6k, + M 0K,
() © © ©

+00 5V, + 0.8, }as

+ + 4 +
+[{@ -a)w+@ ~q o+ >6wz}dA

y)

+ [{6T )+ 5N (0, -0,)+ 5 "Thw,, ~w,_)

1,
I

+8"M, Ki(@‘ +wr)+wh)—(£(c9m tw ) tw, ﬂ
4 ‘ ' 4 '

+8"T (v=v)+8"M (0, -0,)+5"Th(w, —w,

w,;a

. 5 5
+8"M [(—(av +w ) 4w, \j—(—(em +w )+w, ﬂ
4 " ' 4 '

+570 (w=w)+5"0 (W -w )+570 (w, —w ) dF

(1) 3% 5
+I Mo| =0 +w )+w,
r, 4 : ' h
+ T v+ "M 50, + T how, |

+ M 5( O +w)+w, )
4

+ 90 sw+ V0 sSw + 20 sw tdT =0 18
nz nz 1 nz 2

where the left superscripts (0) and (1) denote the con-
stant- and higher-order modes of deformations in the
transverse direction, respectively. The expressions for
the interelement stress and moment resultants, (’)T
D0 ,and "M, (a=x,y; i=0,1,2), are defined as

nz

h
((O)fw(O)Mx’(l)i»(l)MX): J'/l F,B,P,,P)dz (19)

(O, 0m,,T,, ", )= [ 2,( ,P,)dz (19b)

}

J/l (1 £ 8 ——sz (19¢)

w'—'w

((0> A WA @A
nz?o nz?o

in which

3 (19d)
{55
5 3
(0) and (O)Q

The resultant stresses, 'N,, s
the resultant moments, )Maﬂ (a,f=x,y;, (= 0 1)
can be expressed in terms of the strain and curvature
components by integrating the strain energy density of
the sandwich panel [i.e., the first integrand in Eq. (16)]
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through the thickness after substituting from Egs. (4),
(6), (10), and (11) in conjunction with Eq. (13) as

*

N| [A B o0]fo] [N
M =/B" D 0|<k;—iM T(x,y) (20)
Q) |0 0 GJly] |0

where

T _J© (0) (0) (0) ) ) (©]
N _{ Nxx’ N}{y’ sz’ ny’ Nxx’ Nyy’ ny}

(21a)
T _J() (0) (0) (0) (1) (1) (1)
M ={OM OM M, OM,, M, MM
(21b)
T
*_ SOt Oart O)ar* O)ar* A MHars Oar*
N _{ Nxx’ N}y: sz’ N,\y) Nxxa Nyya ny}
(21c)
T
*_JOag* Oag* Oars* Oags* Das* Oas* Ops*
Mi{ M-W’ Myy’ Mzz’ Mw’ MXX’ Myy’ Mxy}
(21d)
T _J(0) (0)
Q" ={"0.,"0.} (2le)
AL ) (0) (0) (0) (0) ) (1) (1)
06={"¢,., %, , Y, Yy, Ve, Ve, My, ) (21D)

(0) (0)

2z

K K

Xy

) O] )
Kxx > Kyy > ny } (21g)

1h)

The explicit forms of A, B, D, N, and M are given
in Appendix B. This constitutive relation can be also
expressed in terms of the compliance matrix C in the

form

E=C(S+S,) (22)
where

E'={o.x,v}, S"={N,M, Q|

23a,b,c
S/ =T(x,y){N",M", 0} ( L
Substituting for the resultant strains and curvatures
from Eq. (5), integrating the area integrals of Eq. (18)
by parts, and applying the Gauss theorem to appropriate
terms result in the governing equations for the sandwich
element. The equations of equilibrium are obtained as

(0) (0) —
N, +"N_ =0 (24a)
(0) (0) -
N, +ON, . =0 (24b)
3( M, +OM,  +20M, )
4 XX, X% Wy XXy (240)

0 0 -
= )sz,x = )Qyz,y = ql

5
O © (0)
_( M, + Mx)w)+ M,

4 i (24d)

(0 o _
+5M, - QyZ—O

2( (I)MX.X X + (I)M/\ 23 ) + (O)M\'X X
PN & . (24¢)

(0) (0) —
+ Mxy,_v - sz =0

(O)N
zz © ) ) =
h +h( N'“sxx + Ny.vw +2 NXy,xy ) =4, (24f)

(0)

M 4 _
- - +( OM, M, ¥2OM ) =54 (24¢)

Y.y
where
=9 —q and q,=q +q

The interelement stress and moment resultants, mT; ,
@ and “M, (a=xy;i=0,1,2), along the

nz

element boundaries are obtained as

O = ON n_+ ON_n, (252)
(‘”fy =N, n,+ N n, (25b)
90, ="0.n,+"0.n,
_3( OM, .+ M, n) (250
30w M)
4 e e
(O)M}, =OM n +OM n, (25d)
OM, ="M n + M n (25¢)
(I)Q)zz: —h ( (I)Nxx,xnx+(l)N}jf,}*n}f 25
+(I)ny,x”y*mey,y”x) (250
OF = ON_n + N n, (25g)
OT, =N n +"N_n (25h)
0 (M M
+(1)Myy,yn‘ + (I)Mxy,ynx) —
OM, ="M n +"M n, (259)
OM, ="M n +"M_n (25k)
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The interelement kinematic continuity conditions are
obtained as
0,=0, (26a)

u=1u V=V

a?’

w=w,; 0 =6

a?’ xa

W =W Wie = Wiaes Wy =Wy, Wy =Wy, (26b)

{% @, +w)+w,, } = [% @, +w, )+ WZN} (26c)

{ (CA +w )+W2v:| { @, +w, )+w2a,y}(26d)

These kinematic continuity conditions are imposed not
only on the weighted-average displacements and slopes
(u,v,w,6.,6 ), but also on the derivatives of the
hlgher—order displacement modes (w,,w,) in the trans-
verse direction. Therefore, the finite element implemen-
tation of the equilibrium equations requires at least C'
interelement continuity for the out-of-plane displace-
ment modes of w, w,, and w, . Because of this require-
ment, the finite element implementation of the total po-
tential energy functional in terms of the assumed dis-
placement field becomes rather difficult. Therefore, this
triangular sandwich element is developed by utilizing
the hybrid energy functional in which the stress/
moment resultants within the element and displace-
ments and slopes around the element boundaries are
assumed independently.

Element Development

The hybrid energy functional formulation overcomes
the difficulty of the C' interelement continuity require-
ment because the displacements, as well as the slopes,
are independently assumed only along element bound-
aries, which can be rendered identical along the com-
mon boundaries of adjacent elements. However, the
kinematic compatibility between the displacements and
slopes along the element boundaries is preserved in
order to avoid a possible shear-locking phenomenon.
Also, as part of the hybrid energy functional formula-
tion, the stress and moment resultants within the ele-
ment are selected in the form of complex power series
so as to satisfy the equilibrium equations of Eq. (24).

The hybrid energy functional for an element, I1,,, is
defined as

n, :%ISTCSdAJrJ'S,TEdA—J'TbTub dr  (27)
4,

4, r,

in which the element boundary is denoted by I', and its
area by A,. The vectors T, and wu, include the
components of the boundary forces and boundary

7

displacements, respectively. The compliance matrix,
C, is defined in Eq. (22). In accordance with the hy-
brid energy formulation, the resultant stress vector, S,
must satisfy the equilibrium equations, Eq. (24), iden-
tically. It is composed of the homogeneous solution,
S, , and the particular solution, S, , in the form

S=S§,+S, (28)
The components of the homogenecous part of the
resultant stress vector, S, , are expressed in the form of
complex power series as

© ©
Ny Z N ey (292)
1) 2 ) T
N, = kz; Nén(k) aén(k) (29b)
2
(O)Nz = Z O)sz(k) O 1) (29¢)
k=0
4
M & = O)Mfmk) (O)Bﬁn(k) (29d)
k=0
4
M N OnmT O
M,, = < M, By (2%)
2
OM,. =Y "ML, “B.u (299
k=0
3
(O)Q;: = z (O)Q;(k) (O)p;:(k) (292)

k=0

in which the vectors of stress, )N , moment, "M P,
and shear stress, Q. & » Tesultants contam the real and
imaginary parts of the complex power series terms, and
the vectors Vo, ), B> and p..,, contain the
real and imaginary parts of the unknown coefficients
(generalized coordinates) with &,7=x,y; £=0,1. The
series representations are truncated at an appropriate
order so as to ensure compatibility among the stress,
moment, and shear stress resultants, when substituted
into the equilibrium equations, and to ensure definite-
ness of the stiffness matrix associated with the general-
ized coordinates. With this representation, the homo-
geneous equilibrium equations are satisfied, provided
that certain relations exist among the unknown coeffi-
cients. These constraint conditions are expressed as

chb=0 (30)

in which ¢ is the constraint matrix and b is the vector
of unknown coefficients. The constraint equations that
are required to construct matrix ¢ are given in Appen-
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. () () (0
dix C. The vectors "'N,, , , "M, , and 7 Q. ,

and their associated unknown coefficient vectors,
)

®y s Biyiy» and V., are expressed in the
form
ONLy, = "ML, ={Re[z"],~Im[z"]}
(k=0,1,2,3,4) 31a)
(/)Nfz(k) (/)Mi(k) {Re[ 1, —Im[zk]}

(k=0,1,2) (31b)

“QL,, = {Re[z'],~Im[z"]}
(k=0,1,2,3) (31c)

(/)“;m {Re[ Ay ), TM[ (/)aén(k)]}
(k=0,1,2,3,4) (32a)
wazrz(k) {Re[( zz(k)]slm[wazz(k)]}

(k=0,1,2) (32b)

(/)B:fri(k) {Re[“ B 1> ([ 'B&z(k)]}
(k=0,1,2,3,4) (32¢)

Wﬂ;(k) = {Re[(”) Z_,(k)],lm[mﬂzz(k)]}
(k =0,1,2) (32d)

(0) AT

Pezky _{ e[(O)p::z(k)]’Im[(O)pﬁzm]}

(k=0,1,2,3) (32¢)

with &,7=x,y and ¢ =0,1; the complex variable, z,
is defined as z=x+iy, in which i = V-1 . The vector
representations of the stress, bending, and shear stress
resultants can be cast into matrix form as

S, =Pb (33)

in which the matrix P contains the real and imaginary
parts of the power series terms and the vector b con-
tains the real and imaginary parts of all the unknown
generalized coordinates. The explicit expressions for P
and b are given in Appendix C. Hence, the general
solution form of the resultant stress vector S becomes

S=Pb+S, (34)

As part of the hybrid finite element formulation, the
displacement field is assumed along the element bound-
ary. Along the k" edge of the triangular element lying
between nodes i and j (as shown in Fig. 2), a Carte-
sian coordinate system is attached to node i and the
axes normal and parallel to the k" edge are referred to
as n and s, respectively. The s-axis also represents the
line coordinate along the boundary, and it varies be-

8

J(m=2)

Mid-side node (m=3)

i (m=1)

u,
\W.n' WiwWan
o\

n

Fig. 2 Assumed displacement and slope fields along
the element boundary.

tween 0<s</,, with ¢, being the length of the k"
edge. Therefore, the boundary displacements and their
derivatives, as well as the independent slope compo-
nents, as defined by the {3,2}-order theory, are expres-
sed in terms of the nodal degrees of freedom as

(1) = 3N, (5)

m=1

(k) (k) (k) (k)
W, ) ZH (s)(w(m)7wl(n1)’ 2(m))

(k) (k) (k)
+Hm+2 (S)( S(m)’Wl s(m)’WZ s(m))

(k)

(k)
n(m)’ s(m)) (353)

(w(k) wf“
(35b)

(k) (k) (k)
n(m) ’Wl ,n(m) ’WZ ,n(m) ) (350)

(W(k)

Wi wih)) = ZN (s)(w

(35d)

s(m)

2
0" =>'N, (5)0.)
=1

3
Hrfk) = ZMm (S) a(k)

n(m)

(35¢)

m=1

(k)

where (u",u!"") represents the in-plane displacements

normal and tangent to the k" edge and (W™, w{®, w{")
and (WS, w" wi")) denote the weighted—average,
first-, and second-order modes of out-of-plane dis-
placements and their derivatives, respectively. The
slopes normal and tangent to the boundary are denoted
by 60 and 6", respectively, and their sign conven-
tions are shown in Fig. 2. The corresponding nodal
degrees of freedom for these displacement and slope
components at nodes i and j along the k™ edge are
identified by the subscript m=1 and m=2, respectively.
Note that the slope component, 6, has a mid-side
(third-node) degree of freedom to be eliminated later.
The functions N ,(s), M ,(s), and H (s) represent
the linear, quadratic, and cubic (Hermitian) interpola-
tion functions, respectively. Also, the out-of-plane dis-
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placement components, w*’, w*', and w{" , are func-

tions of the s-axis only. Therefore, the derlvatives of
(W, W, wi) with respect to the n-axis are assumed
independently by using linear shape functions.

In order to maintain kinematic compatibility, differ-
ent orders of polynomials are chosen to represent the
displacement and slope components as given in Eq.
(35). The degree of freedom at the mid-side node, 6.3,
is eliminated by imposing the constraint of linear
variation of the boundary expression

62 5 (k) (k) (k)
= Z(e,, )+ (=0 (36)

With this constraint equation, the mid-side degree of
freedom, 6}, can be expressed in terms of 6,
wi), . and wf"; , with (m =1,2), which are assigned at
the ends of the &" edge.

In compact form, the in-plane displacements, u,
and u'", the transverse displacements, w*, w" , and

wit thelr derivatives with respect to the n- and s-
coordlnates, and the slopes around the n- and s-axes,
0" and 6™ , along the k" edge of the element can be

expressed as

(k)

u'(k) :L'(k)v'(k) (37)
where

T
u' ®© :{u(k) u(k) W( ) Wl(k) W;k),w(k) (k) (k)

w, W.
n Ln>""2,n°
(38a)
(0 0 0 gk gl
M}, Wl s 2 2 s ’9 0 }
1T _ R R o (0 o () o (0
v = {un U W Wi W,
1 ()T o r (7 () o ()7
w n sWy n ’WZ,n ’W,s > (38b)

r ()" (k)T ,(k)T r (0" o ()"
wl? le 9 2,5 ’en ’ex

" IO T *) (k)
in which w,™ ={ugq,u,0}, W ={w, ,W(%) ,
o o wh 1 (k) 5 plk '(k)
W, 2 {Wa(l)’ a(Z)}k) 6 (]; {ea((l )9 (2)}
{Wm’ 1(2)} and w; —{w 1) ,’a(z)} with (1:

1,2; a=mn,s). The exp11c1t form of the matrix of
interpolation functions, L', is given in Appendix C.
The prime on the superscript denotes definition with
respect to the line coordinate system, (#,s), along the
boundary of the element.

In order to utilize this equation in the hybrid energy
functional, the vector v'* is expressed in terms of the
element nodal vector v as

v® =z®y (39)
where Z* is the transformation matrix between the
nodal degrees of freedom defined in the element,

(x,¥), and line coordinate, (n,s), systems for the k"
T T T T :
edge,and v' ={v,v,, Vs } with

T
Vi = {(k)’ Viiy Wiy Wiy Waiky oWy Wiy Wa,(iey 2 (40)

WYty Wiy Wi Oy Oyt }

The form of the transformation matrix, Z*', is given
explicitly in Appendix C. The displacement vector
u’ ® becomes

u'®=p®Oz0y (41)

A similar transformation between the displacement vec-
tor, u’'"’, defined in the line coordinate system and the
displacement vector, u'*’, defined in the element
coordinate system is established as

u® = y®g® (42)
where

u® = {u(k) V(k) (k) (k) (k) (k) (k) (k)

w oy Wl o wy
43)
W(k) wf"y),wék)),é?(k) 9(k>}
and the transformation matrix Y is expressed in
terms of the sine and cosine of the angle between the
normal (n-axis) at the k" edge and the x-axis. The
explicit expressions for the components of Y are
given in Appendix C. It must be noted that the sign
convention of #“ is in the negative x-direction of the
element, whereas the slope &, at the nodal point is in
the positive x-direction of the element coordinate
system. Also, the transformatlon matrix is orthonormal,
ie, Y® =Y®'. Hence, the displacement vector,
u'®, in the element coordinate system is expressed in
the terms of the nodal unknowns (or degrees of
freedom) in the element coordinate system as

u® =10 (5)v (44)

in which L*(s) is defined as

LY (s) = Y(“TL’(“(S)Z(“ (45)

The boundary displacement vector, u!"’, along the £
edge of the element is defined as

k k k k k k k
u})) { ( )’v( )’W( )’Hi )’9}{ )’W]( )’

(k) (k) (k)
Wlx ,le 5W2 Bl

2ovewt) o)

5
2 (09 + ) 4wl
4

It is related to the displacement vector, u®”

element coordinate system as

, in the
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u’ =B, u" =B, L¥(s)v (47)

in which B, , given explicitly in Appendix C, can
easily be constructed by comparing the components of
the vectors u*’ and u{. The boundary stress vector
T", containing the resultant stresses and moments
corresponding to the boundary displacement vector

u”’, can be obtained from

T" =B, S (48)
in which B, is a matrix transforming the resultant
stress vector defined in the element to the resultant
stress vector defined along the k™ edge of the element
and the explicit form of B, is given in Appendix C.
While invoking the constraint equations, Eq. (30), and
substituting for the stress vector, the boundary
displacement and boundary stress vectors in the hybrid
energy functional result in

1 :
I, :EbTHb+chb+beb— "Rlv

(49)
+"RI'b-b" Gv+II,
where
H-= j P'CPdA (50a)
A,
G=Y [ P'BYBYLYdr (50b)
K Ty
3
'R, =Y [ S]BYBP LY dr (50¢)
k=11,
'R, =[S CPa4 (50d)
A,
"R, =[S/ CPd4 (50¢)
4,
I, :%jsgcsg dA+ [ 8] CS, dA
A A (50f)
+[sics,d4
A,

The unknown vector, A, contains the Lagrange multi-
pliers used for enforcing the constraint equations, Eq.
(30). In matrix form, the hybrid energy functional, IT,,,
can be rewritten as

| PN R
I, =—b"Hb+’R’b-"R] v
2 (51)
+"RTb+b" Gv+II,

where

10

, =

BT ={br,kT} |:H c(;:|
(v

{bRZ’OT} , bﬁz‘ :{bRtT’OT}

at

In accordance with the concept of energy minimiza-
tion, the first variation of the hybrid energy functional
with respect to the unknown vector b of generalized
coordinates yields

bﬁr

o =

A A A A

5b7(ﬁ6+bRo+bR —Gv):() (52a)

t

or

b-H"(Gv-"R,- 'R, (52b)
With this explicit solution form, the hybrid energy
functional becomes

1, :—%VTkV+fOTV+flTV+HU (53)
in which the stiffness matrix Kk and the resultant force
(load) vector f are defined as

k=G"H'G, ' ="RTH'G-"R]  (54a)

and

fT="RTH'G (54b)

Associated with applied tractions, ¢'(x,y) and
q (x,y), on the upper and lower surfaces of the ele-
ment, the load vector requires the explicit form of the
particular solution, S , to the equilibrium equations.
This requirement is circumvented by computing the
potential energy of external forces from

faT VI [q+ (x, )u_(x,y,+h/2)
4 (55)

+q (%, ), (x, y,—~h/2) |dA

In order to evaluate the integral in Eq. (55), the
weighted-average variables arising in the expression of
the transverse displacement are approximated in terms
of linear interpolation functions (only for the
computation of the load vector), N, (x,y), as

3
)
(Ws lewz) = ZNm (x,y)(Wff,)»Wl(f,l),wéiin) (56)

m=1

With this approximation, the load vector is recast as
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£ = {0,005

(57)

where £, ={0,0,1, .f, f,

Wik 7 Wiiky 7 Wik

,0,0,0,0,0,0,0,0} , with

foo = [ N[d" () —q () ]d4  (58a)

fow = [ Ni[@" o) +q () |4 (58b)

fo =3[ M0 0= () ad

Ag

(58¢)

Finally, the element equilibrium equation is obtained by
requiring the first variation of the hybrid energy
functional to vanish

ST, =6V (kv—f,—£)=0 (59)

For arbitrary variation of Jv , the element equilibrium
equations become

kv=f +f (60)

Assembly of the element stiffness matrices and force
vectors leads to the structural equations of equilibrium
as

KV=F+F (61)

in which K, V , and F represent the assembly of the
element stiffness matrix and nodal and force vectors.
The vector F, arises from the presence of concentrated
forces.

Although the transverse shear stresses can readily be
obtained from the stress-strain relations given in Eq.
(6), the presence of discrete material properties in the
thickness direction causes discontinuous variation of
transverse shear stresses. However, the true variation of
the transverse shear stresses must be continuous
through the thickness of the sandwich panel. The accu-
rate computation of in-plane stresses and their first
derivatives suggests that continuous transverse shear
stresses, o, and o, can be obtained by integrating
the in-plane equilibrium equations in the thickness
direction. Similarly, the transverse normal stress com-
ponent, o_, is computed by integrating the transverse
equilibrium equation in the thickness direction.
Sandwich panels exhibit nonlinear deformation, with a
discontinuous slope in the thickness direction due the
severe changes in mechanical and thermal properties.
However, in single-layer theories, through-the-thick-
ness variation of the displacement components is
approximated by polynomials. Such kinematic repre-
sentation does not necessarily capture the accurate
behavior of displacement components in the thickness
direction because of the presence of discontinuous

11

slopes at the interface of the core and face sheet. This
inaccuracy is avoided by computing the displacement
components from the integration of the strain compo-
nents through the thickness. Details of the integration
procedure for the computation of transverse shear, nor-
mal stress, and displacement components in the thick-
ness direction are given in Appendix D.

Numerical Results

In order to demonstrate the capability of the present
element, an unsymmetric laminate and a sandwich
panel previously considered by Tessler et al.'' are
studied. The validity of the present analysis results is
established by comparison against the three-dimen-
sional exact solutions presented by Tessler et al. The
exact solutions were obtained using the PAND3D
analysis program developed by Burton and Noor.'

The square geometry of the unsymmetric laminate
and sandwich panel are described by 2a =2b=20h,
with # = 0.5 in. The laminate consists of carbon/epoxy
plies of equal thickness and a stacking sequence of
[0,7/90,/0,/90,]. In the case of the sandwich panel,
the face sheets at the bottom and top of the core are of
equal thickness, /#, =0.2/ ; hence, the core thickness,
h,, is 80% of the total panel thickness. The face sheet
material is composed of carbon/epoxy plies, with
stacking sequence [0,/90,/0,/90,/0,]. Each carbon/
epoxy ply has Young’s moduli of E,, =22.9x10° psi
and E,, = E,; =1.39x10° psi, shear moduli of G,, =
G, =0.864x10° psi and G,, =0.368x10° psi, Pois-
son’s ratios of v, =v,;=0.32 and v, =048, and
thermal expansion coefficients of ¢, =0.01x10°/°F
and @, =a, =11.5x107/°F. The core is made of soft
PVC (foam) with isotropic material properties specified
as E =15.x10" psi, v, =0.3, and «, =15.64x107°/
°F. The shear correction factors that appear in matrix
G of Eq. (B9) are ¢ _=c.= 0.8939 for the unsymmetric
laminate and ¢,_=0.6161 and c_=0.5536 for the
sandwich panel.

In accordance with the {3,2}-order plate theory, the
boundary conditions are enforced as

6, =0

USW=EW =W, =W, =W, =W, =0,

fory=0and y=2b, and
v=w=w=w,=w, =w =w, =60,=0

forx=0and x =2a

As shown in Fig. 3, the non-uniform temperature dis-
tributions on the top and bottom surface are, respec-
tively, specified by T'(x,y)=300T(x,y)°F and
T (x,y)=60T(x,y)°F, where T(x,y)=sin(zx/2a)
xcos(7y/2b) . A total of 2500 elements are employed
in the finite element discretization, leading to 16250
degrees of freedom.
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T-an[T[X/(Z(l)]Sf’1[T[y/(2b)]

N

T Sinfrx/(2a)]Sin[ny/(2b)]

Face sheets

(b)

Fig. 3 Non-uniform surface temperature applied to
(a) the [0,/90,/0,/90,/0,] laminate and (b) the
sandwich panel.

The deformed configurations of the laminate and the
sandwich panel are shown in Fig. 4. The laminate ex-
periences significant bending and the upper surface
bulges out more than the lower surface. In the case of
the sandwich panel, there is no significant bending of
the lower face sheet; however, the upper face sheet ex-
hibits significant bending or it bulges out. The unsym-
metric stacking sequence of the laminate enables the
coupling between the in-plane stretching and transverse
bending due to the non-zero values of the components

Undeformed configuration

Deformed configuration of laminate

Deformed configuration of sandwich panel

Fig. 4 Cross-sectional view of the deformed lami-
nate and the sandwich panel subjected to thermal
loading.

of matrix B of Eq. (B3). The variation of u_ and u, as
observed in Fig. 5 shows non-linear behavior, and the
finite element solution is in close agreement with the
exact solution. The nonlinear variation of the displace-
ment components suggests the necessity of higher-order
theories for thick laminates. Comparisons of the me-
chanical strains &Y =¢_—a AT and &Y =¢_-
o AT are shown in Fig. 6. The magnitude of the in-
plane normal strain is comparable to that of the trans-
verse normal strain due to the steep variation of the
temperature in the thickness direction. The solutions
from the present analysis for the in-plane normal stress
o, and the transverse shear stress o_ are in close
agreement with the exact solution, as observed in Fig.
7. The process of integrating the equilibrium equation
to obtain the transverse shear stress proves to be effec-
tive enough, and the solution satisfies the zero shear
stress conditions at the top and bottom surfaces. Con-
sidering the complex, meandering nature of the trans-
verse normal stress o_ shown in Fig. 7c, the finite
element results are in acceptable agreement. In the case
of lower-order theories, such as the {1,2} theory, the
variation of o_ becomes less accurate for laminates
with low span-to-thickness ratios, as shown by Tessler
etal.

In the case of sandwich panels, the presence of a soft
core in between stiff face sheets gives rise to a highly
nonlinear behavior of the displacements. As observed
from Fig. 8, apart from being nonlinear, the in-plane
displacement u_ has a slope discontinuity at the inter-
face of the core and face sheets. The close proximity of
the present solution to the exact solution is due to the
utilization of the process of displacement recovery from
integration of strain components. The variation of u_ is
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fairly accurate, as illustrated in Fig. 8b. The results of
the mechanical strains, ¢¥ and &, shown in Fig. 9,
reveal that even in this case the transverse normal stain
is comparable to the normal in-plane stain. As depicted
in Fig. 10, o, and are in close agreement with the
exact solution. The transverse shear stress follows a
zig-zag path in the face sheets and the finite element
solution is able to capture this pattern very accurately,
apart from satisfying the zero shear stress criteria on the
top and bottom surfaces. The transverse normal stress
o, has a parabolic nature and, even though the initial
assumption of o in Eq. (11) is devoid of any quad-
ratic terms, the equilibrium equation integration process
recovers the correct solution although the magnitude of
o_.. in the core area is slightly underestimated in the

zz

present analysis.

Conclusions

A new sandwich element based on the {3,2}-order
plate theory in conjunction with the hybrid energy func-
tional has been developed and validated for thermo-
elastic analysis of composite structures with sandwich
constructions. The validation was established by com-
parison against the exact solution for a simply sup-
ported, unsymmetric, graphite/epoxy laminate and a
sandwich panel made of a soft PVC core with graphite/
epoxy face sheets subjected to a non-uniform tempera-
ture field. This new computationally efficient element
captures the correct variation of deformations in the
thickness direction, as they are evaluated from a pos-
teriori calculations of equilibrium equations.

References

1Das, M., Barut, A., Madenci, E., and Ambur, D. R.,
“A Triangular Sandwich Element for Complete Stress
Fields Based on a Single-Layer Theory,” Sixth Inter-
national Conference on Sandwich Structures, edited by
J. R. Vinson, Y. D. S. Rajapakse, and L. A. Carlsson,
CRC Press, Boca Raton, FL, pp. 879-894.

’Barut, A., Madenci, W., and Tessler, A., “Nonuni-
form Thermoelastic Analysis of Composite Panels Un-
der Non-Uniform Temperature Distribution,” Interna-
tional Journal of Solids and Structures, Vol. 37, 2000,
pp. 3681-3713.

3Chen, W. J., Lin, P. D., and Chen, L. W., “Thermal
Buckling Behavior of Thick Composite Laminated
Plates Under Nonuniform Temperature Distribution,”
Computers and Structures, Vol. 41, 1991, pp. 637-645.

4Ganapa‘[hi, M., and Touratier, M., “A Study on
Thermal Postbuckling Behavior of Laminated Com-
posite Plates Using a Shear Flexible Finite Element,”
Finite Elements in Analysis and Design, Vol. 28, 1997,
pp- 115-135.

SLee, D. M., and Lee, 1., “Vibration Behavior of
Thermally Postbuckled Anisotropic Plates Using First-
Order Shear Deformable Plate Theory,” Computers and
Structures, Vol. 63, 1997, pp. 371-387.

15

SRolfes, R., Noor, A. K., and Sparr, H., “Evaluation
of Transverse Thermal Stress in Composite Plates
Based on First-Order Shear Deformation Theory,”
Computer Methods in Applied Mechanical Engineering,
Vol. 167, 1998, pp. 355-368.

"Park, J. W., and Kim, Y. H., “Re-Analysis Proce-
dure for Laminated Plates Using FSDT Finite Element
Models,” Computational Mechanics, Vol. 29, 2002, pp.
226-242.

*Thankam, V. S., Singh, G. S., Rao, G. V., and Rath,
A. K., “Thermal Postbuckling Behavior of Laminated
Plates Using Shear-Flexible FElements Based on
Coupled-Displacement Field,” Composite Structures,
Vol. 59, 2003, pp. 351-359.

’Kant, T., and Khare, R. K., “Finite Element Thermal
Stress Analysis of Composite Laminates Using a
Higher-Order Theory,” Journal of Thermal Stresses,
Vol. 17, 1994, pp. 229-255.

'"Naganarayana, B. P., Rama Mohan, P., and Pratap,
G., “Accurate Thermal Stress Prediction Using C°-
Continuous Higher-Order Shear Deformable Ele-
ments,” Computer Methods in Applied Mechanical En-
gineering, Vol. 144, 1997, pp. 61-75.

UTessler, A., Annett, M. S., and Gendron, G., “A
{1,2}-Order Plate Theory Accounting for Three-Di-
mensional Thermoelastic Deformation in Thick Com-
posites and Sandwich Laminates,” Computers and
Structures, Vol. 52, 2000, pp. 67-84.

"2Ali, J. S. M., Bhaskar, K., and Varadna, T. K., “A
New Theory for Accurate Thermal/Mechanical Flexure
Analysis of Symmetric Laminated Plates,” Composite
Structures, Vol. 45, 1999, pp. 227-232

13Kapuria, A., Dumir, P. C., and Ahmed, A., “An
Efficient Higher Order Zigzag Theory for Composite
and Sandwich Beams Subjected to Thermal Loading,”
International Journal of Solids and Structures, Vol. 40,
2003, pp. 6613-6631.

"“Xiaoping, S., and Liangxin, S., “Thermomechan-
ical Buckling of Laminated Composite Plates with
Higher-Order Transverse Shear Deformation,” Com-
puters and Structures, Vol. 53, 1994, pp. 1-7.

BTessler, A., “An Improved Plate Theory of {1,2}-
Order for Thick Composite Laminates,” International
Journal of Solids and Structures, Vol. 7, 1993, pp. 181-
1000.

"Burton, W. S., and Noor, A. K., “Three-Dimen-
sional Solution for Thermo-Mechanical Stress in Sand-
wich Panels and Shells,” Journal of Engineering Me-
chanics, Vol. 120, 1994, 2044-2071.

"Barut, A., Madenci, E., Anderson, T., and Tessler,
A., “Equivalent Single-Layer Theory for a Complete
Stress Field In Sandwich Panels Under Arbitrarily Dis-
tributed Loading,” Composites Structures, Vol. 58,
2002, pp. 483-495.

'8 Anderson, T., Madenci, E., Fish, J., and Burton, S.
W., “Analytical Solution of Finite-Geometry Com-
posite Panels Under Transient Surface Loading,” Inte-
rnational Journal of Solids and Structures, Vol. 35,
1998, pp. 1219-1239.

American Institute of Aeronautics and Astronautics



Normalized thickness z/A

gz

Normalized thickness z/h

14 ; 11 y
] ] ] i
0.75 - . 0.75 -
1 Fig. ]
o5 Exact 0.5 4 Exact
1 === Present ] - == Present
] S ]
0.25 - 2 0.25
] g ]
] = ]
0 £ 04
] 5 1
] 3 ]
] N ]
] = ]
0.25 4 -0.25 4
] E7]
i & ]
-0.5 1 -0.5 b
-0.75 4 -0.75
5 -4 3 2 -1 0 1 0 1 15 2 25 3 35
Mechanical in-plane normal strain sv\._{M(a,b,z)Xl 0} Mechanical transverse normal strain S_VZM(a. b,z)x1 03
. . . . . M
9 Through-the-thickness mechanical in-plane normal and mechanical transverse normal strains, ¢, and
M .
. » for a sandwich panel.
11 11 = -
] : — i
0.75 4 0.75 1
0.5 - 051
1 < 1 Exact
1 > ] - == Present
0.25 % 025
] 8 ]
] 2 ]
] Exact = g
S (R Present -] o9
= o ol
-0.25 g 0.25 1
] S ]
] “ 1
-05 1 -05 4
-0.75 4 -0.75
-1_H.l.\Hy.u\\.xyu.u.;.\.l\H.HH..KH '17}\\\ll\l\|\l\l|\\\\[I\Y\|\\\\|\\\l
5000 -4000 -3000 -2000 -1000 0 1000 2000 3000 5 10 15 30
Inplane normal stress c,,(a,b,z) psi Transverse shear stress 6,.(0,b,z) psi
1
0.75
05 -
= ] Exact
N 1 -+ = Present
%0254 .
-] 17
- &
2 5 |
= 4
- U
3 1N
N ]
= ]
-0.25 4
£
“ ]
-0.5 1
-0.75 4
A F———————————r
12 -1 0.8 0.6 04 02 0 0.2
Transverse normal stress 6_.(a,b,z) psi
Fig. 10 Through-the-thickness in-plane normal, transverse shear, and transverse normal stresses, o, o

and o, for a sandwich panel.

16

American Institute of Aeronautics and Astronautics



Appendix A
The vectors q’, q!, q.,and q! in Eq. (11) are obtained from the matrix operation

’ ’ -1 ’ ’
qc qK S12 S22 ta tK
where S, (i,j=1,2), t,,and t] (a =¢,x) are given as

Iy,

K
|:511,S12’S22:| = Z I |:1,¢,¢2]S3(§) dz, (A2)
k=L,
t, ={t,} and t,={z,} (k=17; a=¢&x) (A3)
in which
K M R K M R
tj,'c = Z I ¢j£R/('13€)S3(§)de s tj'l( :Z I ¢jKRj('13€)S3(§)dzk
kZIhh"" - h:‘ (j=1,7; no summation onj) (A4)
K M . K M .
A L TS 3 ) R
k=1 Iy k=1 Iy
with
(R} = (R R LR R R R (45)
and
{p.}={R.P.LB.RRR} . {p.}={R.R.LR.P,R.P} (A6)

The computation of 7, in Eq. (13) is done in the following manner:

{r] } _ |:S11 A }1 {11 }
n S, Sy L

where
K M
_ (k) (k) ., (k) (k) (k) (k) (k) ., (k) k) Qo) (O[T . T
L= z _[ (R13 Syay + Ry Sy'ay + 85y as + Ry Syya, )(Tl +Tzé/)dzk (A7a)
k=1,
K M
_ (k) (k) (k) (k) (k) ., (k) (k) ., (k) k) (k) ([T LT
12 - Z J‘ (Rl3 S33 axx +R23 S33 ayy +S33 azz +R63 S33 axy )(7; +T‘2§)¢dzk (A7b)
k=1 Iy

Appendix B
The matrices A, D, and B in Eq. (20) are defined as

4, A, Ay A, A5 A A
Ay Ay Ay A Ay Ay
Ay Ay A5 A Ay
A= Ay A5 Ay Ay (BI)
A5 Asg Ay
Sym. A Ag
L 4y
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Dy,
D=

sym.
_Bll
By,
By,
B=|B,
By,
By,
_B71

and the matrix G has the form

D, D, D, D;

Dy, Dy D, D

Dy, Dy, Djs

D, Dy

Ds;
B, B, B, B;
By, B, B, By
By, By By, By
B, B, B, B
By, By By B
B, By By B
B, By By By

G- |:G11 Gy, :|
G, Gy

e

9
=N

ISISES

>

o O X

N
o

% W

o

=

o

O oS

o Ot

o
Q

S

SOy

wwwN

N
Q

o]

w
J

&

™

(B2)

(B3)

(B4)

By integrating the strain energy density of the sandwich panel [i.e., the first integrand in Eq. (16)], through the
thickness after substituting from Egs. (4), (6), (10), and (11) in conjunction with Eq. (13), the components of

matrices A, B, D, and G are obtained as

K
— ~(k) (k)
Bij - Z _[ {ng goiewjx +S33 '//isl//j/c
K=y
K o
— (k) (k)
Dz/' - Z {Cy ¢ix¢jrc +s33 (//ixl//jrc
k=1 Iy
and
Iy

G,

hlfl

in which C,.j(.k) is defined in matrix form as

cat

sym.

{Ci]('k)qjisgojs + S§§)V/i£!//j£ } dzk

]
(e

}dzk

}dzk

KpleY
(e

Z J {{%(1_52)} éi+3,j+3}dzk

o

Qo QIO

o
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and the functions ¢, and ¢, (j=1,7) are defined in the form
Ve =4, +94q;, :

o p (j=L7) (B8)
l//j/c - qj;c + ¢qu‘

Note that matrices A, D, and G are symmetric, whereas matrix B becomes nonsymmetric due to the presence of the
;s

Although the single-layer theory predicts the correct through-the-thickness variation of transverse shear strains
for an isotropic panel, it does not consistently predict accurate results for composite sandwich panels having
significant differences in material properties between the core and the face sheet. The commonly accepted approach
referred to as the energy (transverse shear strain energy) matching technique is invoked in order to correct for the
transverse shear strain behavior. This correction is invoked in matrix G as

c2 G, c..G,
G= g (B9
c.c.G, .G,

vz xz
where ¢, and c_ are known as the shear correction factors. The shear correction factors improve the global
transverse displacements of the sandwich panel. The exact transverse shear strain energies are related through the
shear correction factors as

1
(amct) (uncorrected) —
Ul =7 U™ (@=xy) (B10)

az

in which ¢

Determination of the transverse shear correction factors for a particular material system requires the exact
solution of benchmark problems for which the transverse shear strain energy must be independent of the geometry
and loading. This leads to the shear correction factor being dependent on a particular material system only.

A square, simply supported, thin panel with a length-to-thickness ratio of 10000 under a double sinusoidal
distributed loading is considered as a benchmark problem. Based on the analytical solution of the present single-
layer theory provided by Barut et al.'” and the exact solution developed by Anderson et al.,'® the transverse shear

strain energies U ﬁ"”""”‘"’”‘” and U ;” “‘ of the panel can be expressed in the form

with (o = x, ), represents the transverse shear correction factors.

2b2a
uncorrected uncorrectee 7[
U;a: e = U;M red) I J. Sin® (—jSm (Z_ZJ dxdy (Blla)
2b2a x
U’ (evact) — =U" s [ Sin? in® dxd Bllb
j j 2a Zb 7 ( )
where 2a and 2b are the lengths of the panel along the x - and y -axes and U ;:‘f“’"’md’ and U ;:f““) are given by
N Zk+l
U(uncomez ted) __ z J‘ ( (uncm rected) (Z)) (B 1 23)
k=1 2z
N Zkel (exact)( )
U =3 | —d( ) 2 (B12b)
k=1 i a

where G, =G,, and G, =G,,. Therefore, substituting from Eqs. (B11) and (B12) into Eq. (B10) results in the
transverse shear correctlon factors, ¢, being dependent only on the material system in a simplified form

az ?

0 (uncorrected)

2

P P — (a =x,y) (BI3)
az (exact)

U}/az
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The components of the resultant thermal force vector N* in Eq. (20) are defined as

K
ON == [ [(af, +dal ) (r+r,)5%

k=1 Iy
(k) (k) (k) (k) ®&AN(T LT
_(axx Cll +ayy C12 +axy C16 )(]I +112§):|de

Iy

K
ON, =2 [ (a5 +645 ) (r + )55

k=1 Iy
(k) (k) (k) (k) K ON(T LT
_(a)oc Cy +a, Oy +a,, Cy )(Tl +Tz§):|dzk

Iy

K
ON == [ [(¢5 +ai )+ 1) S Yz,

k=1 ey

K
ONy == [ [(gh + 05, ) (1 + 615 )S%

k=1 Iy

(k) (k) (k) (k) & AON(T LT
_(axx Cl6 +ayy C26 +axy C66 )(711 +712§):|de

K M
ONy == [ [(4h +005, ) (7 + 1 )58

k=1 p,_,

2
~(aPCP +al P +aP )(T1 + Tz;)[é—%ﬂ dz,

K
ON;, == [ (9 +dai ) (1 + 61 )5

k=l

(k) (k) (k) (k) k) o) \ (7
_(axx C12 +ayy C22 +ax_v C26 )(71 + Zé’

|
N—
VR
|-
|
w|“\,\,
N—
1
&
2

K M
ON == [ (95 + 04 ) (5 + 6, )53

k=1 p,_,

2
(@ et + a7 +n;)[§—%ﬂdzk

The components of the resultant thermal moment vector M~ in Eq. (20) are defined as

K M
OM; == [ [(af. +dai)(r +¢r)S%

=1y

g (aC el +a )T+ it ) |z,

K

OM;, == [ [(4h +das ) (i + ¢, )SY

k=1,

(k) (k) (k) (k) Ky~ N(T 7
~h¢ (aPCY +aPCw +al'C) (T, +T2¢)]dzk
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(B14b)
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(Bl4g)
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(B15b)



Iy

K
OM ==y [ [(ah +0al) (5 +¢r) SE i,

k=1 ey

M, Zf[qmm ) (1 +¢1,)S57

klhk1

—h¢ (@G +aPCl + oV C ) (T + T ) |z,

K M
OM == [ [(g5 +dal ) (n+r )5

k=l p,_,

3
Hap s a vt ) 77§55

Ot =3 T [t a2, )+ )S0

k= lhkl
k k k k k k e é’ 4’3
—h(aix)cl(z)+0‘;y)C§2)+0!§y)C§6))(7]+T2§) g_T &,

Iy

Oy __Z J' [ R | G

k=1 p,_,

3
e sapet v ) (7o me) § -5

Appendix C
The matrices b and P in Eq. (33) can be expressed as

(0) )T O T (O T )T ()T
b’ { o, %al,Yal, Yo, Yal, Val,

) zy, OgT (O)B” , OB, <0>l3n ,OB7 (l)ﬁy} i mﬁr (O)P;, “”pf;}

where
Yag, = {(f)a:v(ow( "o, 00 o) (/)0‘;;(4)}
(O)chz _ { (0)0@7(0), (0)0‘;@): (mafz(z)}
(Z)Bén = { (/)B;i(ﬂ)’ (Z)ﬁéﬂ(l)’ (()Bgn(Z)’ (é)B;lG)’ WB;M)’}
(O)ﬁ:z = { (O)f’:z(())’ (O)ﬁ:z(l)’ (O)ﬁ:z(z)}
(0)9; = { (0)p§Tz(0w )pérz(l)’ mprz(z)}
and
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(B15c¢)

(B15d)

(B15¢)

(B15f)

(B15g)

(Cla)

(C1b)

(Cle)
(Cl1d)
(Cle)

(C1H)



where

The matrix L'*’

Lv(k):

0

S O O O O O o o O

(=)

(=]

0

S O O O O O o o O

S

(=

[ONT 0 o0

xX

0T
0 ONT 0
0 0
0

ONT —{(”NT
[/

(O)NT —
zz

OMT = { OMT
én

(O)MT
zz

&n(0)2

¢n(0)>

Oy naT
Mxx
) naT
Myy
0
0T
0 Q.
0 0
ONT ONT ONT ONT
Nf’l(])’ Nf’l(z)’ N§’7(3)’ N5’7(4)}
ONT O)nT Oy N T
{ N:z(O)’ sz(l)’ NZZ(2)}
Onal  DOnaT OnaT OnaT
Mﬁ’?(l)’ Mf’?(z)’ M§’7(3)’ Mf’?(‘”
_J OngT O)mT ©)nal
- { Mzz(O)’ M:z(])’ Mzz(2)

OaT _[OaT  OaT  OaT OO
Q;’rz—{ Qo Qi Qs Q;nm}

[N,(s) Ny(s) 0 0

N (s) N,(s)
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
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0
0 0
H(s)  H,(s)
0
0 0
0 0
H (s) H,(s)
0 0
0 0
0 0
0 0
3M,(s) 3M,(s)
2, 20,
0 0

22

0

0

0 0
H\(s)  H,(s)

0 0

0 0

0 0

0 0
Ho(s) H,,(s)

0 0

0 0

0 0

0 0

in Eq. (37), which consists of the interpolation functions, is defined as

0
(C2a)
0
0
OQ" |
(C2b)
(C20)
(C2d)
(C2e)
(C21)
0 0
0 0
0 0
0 0
H\(s)  H,(s)
0 0
0 0
0 0
0 0
0 0

Hl,.v (s) Hz,.s- (s)
6M;(s)  6M;(s)
se, sl
0 0

(continued on next page)



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 H,(s) H,(s) 0 0 0 0
0 0 0 0 0 0  H(s) 4(9)
0 0 0 0 0 0 0 0

N,(s) N,(s) 0 0 0 0 0 0
0 0 H,(s) H,(s) O 0 0 0
0 0 0 0 N,(s) N,(s) O 0
0 0 0 0 0 0 H, () H,(s)
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 M) M), 0 0 0

4 4
0 0 0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

Hy(s)  H,(s) 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

H, (s) H,[(s) 0 0 0 0

3M,(s) 3M;(s) M (s) L M;6) M (s) M 0
5 5 2
0 0 0 0 Ni(s) N,(s)]

S O O O O o o o <o

=
—~
)

N

(=]

(=]

(=

o o o oo o o0 o o o o o
[

(©3)

The matrix Z* in Eq. (39), which is the transformation matrix between the nodal degrees of freedom defined in the
element (x,y) and line coordinate (n,s) systems for the k" edge, is defined as

7" =(Z,,Z,.,0]
7? = [0, ZI,ZZ]

7° =[z,,0,Z,]

(C4a)
(C4b)

(C4o)

where Z, and Z, are defined below in terms of ¢, and s, representing ¢, = cos(¢, ) and s, =sin(g, ), respectively
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(C4d)

0 0 0O0 O

0

0 0 0O0 O

0

0
0
0

Ck

0 000
0 00

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

1

0 000
0 000
0 00O
0 000
0 000
0 000
0 000
0 000
0 000
0 000
0 000
0 000
0 000
0 000
0 000
0 000
0 000

Sk

0
0
0
0
0
-5,

G

0
0
0
0
0
0
0
0
0

S

-S,

—-S,

—C,

G

=S,

and
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(C4e)

0 000 O

0

0 000 O

0

0 000 O

0

0 000 O

0

0
0
0

G

0 00O
0 00

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

1

0 00O
0 00O
0 00O
0 00O
0 00O
0 00O
0 00O
0 00O
0 00O
0 00O
0 00O
0 00O
0 00O
0 00O
0 00O
0 00O

S

0
0
0
0
0
s,
0
0
0
0
0
0
0
0

Ck

S

—S,

Z,=

Y®u® | where the

The transformation between the displacement vectors, u’* and u*’, is established as u’'""

matrix Y* is defined as

(C5)

0
G

1

0 00

0 00O
0 00O
0 00O
0 00O
0 00O
0 00O
0 00O
0 00O

0
0
0
0
0
0
0
0
0

S

S

-,

0
0
0
0
0
0

Y®
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The matrix B, in Eq. (47) is defined as

(Co)

0
0
0
1
0
0
0
0
0

00 00
0000
00 00
0000
00 00
00 00
h 0 0 0

0
0
0
0
0
0
0
0
0
0

0
0

0 0 0O
1

1

000

0
0
0
0
0
0

00 00O
00 00O

1 0
000 00O
00 00O
0 00O

0 h 0O

00 00

0

1

00000 54

0 00 00

O_

54 0 0 0 1 5/4

0

B,=[0 0 0

0
0
0

0
0
0
0
0

(C7)

The matrix B, in Eq. (48), which relates the boundary stress vector T\"’ to the resultant stress vector defined in the

element, is defined as
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The components of the resultant stress vector, S, , given in Eq. (29) satisfy the equilibrium equations provided

that the following constraint conditions are imposed in order to eliminate the redundancy of the assumed stress field:

M-

R

4
Re{z ZH (ik Do +k Ve, )} =0

k-1 (0) -7.(0) —
27 (kO +ik axy(k))}_o

=~
I

k=1

5(& 4o
ReHsz (ke =)D By =k (k=) DB, + 2ik (k=1) VB, u»)]

[zzk 1(/‘(0)/%:(@ +ik© )pmk))ﬂ 0

k=2

k=1

Re[%[izkl (ik mﬂyy(k) +k(l)ﬁ v(k))j
(Zz ((0)pyz(k))j:| 0
Re{%(iqu(k(l)ﬁm,{)+1k ﬂ (k))J+

(]

=

4
R{h(zzk-z (k(k=1) Ve, —k(k=1)Va, ,, +2ik(k—1) Ve ,)

k=2

2
+%(sz (O)azz(k)J:| = 0
k=0

4
ReKZz"Z (k(k=D"B ., —k(k=D)"B_ . +2ik(k-D"B_ )

k=2

2
+i2 sz © 22 (k) =0
h™ \im

4
(; 2By + K B )j

k=1,7 (0) .7 (0)
(ZZ (k ﬂmk)"‘lk xy(k))

(C8a)

(C8b)

(C8c)

(C8d)

(C8e)

(C8f)

(C8g)

The relations used in the construction of matrix ¢ in Eq. (30) and also defined explicitly in terms of complex
variables in Eq. (C8) are imposed as constraint equations that are suitable for computational implementation as

follows:
kRe[(O)amk)] —klm[(o)axy(k)} =0
klm[ © tX(k)]+lcRe[(°)am,{)] =0
—kTm| Oa,, [+ Re[ Vet ] =0

k Re|: (O)ayy(k& + Im[ (O)axy(k)J =0

27
American Institute of Aeronautics and Astronautics

(k=1,2,3,4) (C9a)
(k =2,3,4) (C9b)
(k=1,2,3,4) (C9¢)

(k =2,3,4) (C9d)



%(k(k—l)Re[(l)ﬁm(k)J—k(k—l)Re[“) i |~ 2Kk~ 1)Im|:(l)ﬂ}(k):')

—((k ~DRe[ Vp gy |- k=DIm[ Vp,, ]) =0

(k=2,3,4) (CY)

§(k<k—1>1m[<“ o ]~ kG=DIm[ B, 1+ 2k(k-DRe[ "4, ])

—((k -1) Im|: (O)px_,(kfl) :| +(k-1) Re|: (O)Pyz(k—l)]) =0

(k =3,4) (CA9f)

%(—k tm[ V4, [+ kRe[ VB, ])+ (-#1m[ VB, |+ kRe[ V8,4 ])

—Re[ (O)pyz(k—l) :| =0

(k=1,2,3,4) (C9g)

g(m[w o - kim[ 8, )+ (kRe[ 8, ]+ kim[ 8, )

—Im[(o)py (k- 1)] 0

(k =2,3,4) (C9h)

%(k Re[ "By |-k B, ])+(kRe[ VB |-k Im[ VB, )

|:(0)p (k- 1):| 0

> (klm[“ka)]+kRe[<”ﬂy(k)])+ kim[ O, [ +kRe[ 4, )

- Iml: (0)pxz(/c71) ] =

(k=1,2,3,4) (C9i)

(k=2,3,4) (C9))

;I(Re[ O |)+ h( Gk =DRe[ Ve, |- k(k~DRe[ Ve, ]

~2k(k =1 1m[ ez, ]) =0

(k =2,3,4) (C9k)

;(Im[ Gy |)+ (kG =D Im[ Ve, ]~ k(=1 Im[ Ve, ]

“2k(k-DRe[ ez, ]) =0

(k =3,4) (C91)

%(Re[ OBk ]) - ((k(k -1 Re[ (l)ﬁmk)] —k(k-1) Re[ “Bri J

~2k(k=1)Im[ V5, (k)]) 0

(k=2,3,4) (C9m)

h_12<1m[ (O)ﬂzz(k—l) J) * ((k(k =D Im[ v xx(k) J —k(k-1) Im[ v J’y(kJ

+2k(k=1)Re[ 8,4, ])=0

(k =3,4) (C9n)

Appendix D
The transverse shear stresses, o'+ and G;:) ,in the k™ layer are obtained by integrating the in-plane equilibrium
equations while utilizing the constitutive relations given in Eq. (6) as

o =—Z(I)( ®+0l))ae (Dla)

—h/2
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o)

ol == [ (04 +04),)a¢ (D1b)

-2
in which the derivatives of in-plane stresses are expressed as the dot products

o® = (C("’

(k) (k) (k)
r‘c X 1 > C12 4 R13 s Clﬁ )[(gn,x _axxATx’ gy_v,x _ayyAT:x’ yxy,x _axyAT:x (ch)

zz,x 2

W,y

)
o, =(Cy, CF, RY, C@)(en,-aAT,, &, -a,AT,, o.,. 7,,-a,AT,) (D1d)
)

(k) — (k) i) (k) 0] _
(C16 > C26 4 R63 ’ CGG )[(gxx,x _axxATx’ gyy,x ayyATx’ o

ryx

a. AT

zz,x 2 j/xy,x xy X

(Dle)

k k k k ~(k
ol =(CY, C¥, RY, C&)ew,-@.AT,, &,,-a,AT,, o

U y 5y W,y »w .y zz,y°

Vo, —, AT, ) (D1f)

Note that the material properties C."' and R\ are functions of &* (thickness direction) only. Similarly, the
transverse stress component, o* | is obtamed by integrating the transverse equilibrium equation as

zz
20 EORSG!

(k) _ (k) (k) — (k) (k) o®

O-zz - J‘ ( Xz,x + O-yz y )df - J‘ I u XX + zo-xy xy yy »y )dnd§ (Dza)

—h/2 —hj2—h/2

in which the double derivatives of o, o©

xx 2 1 Y

, and 0' are expressed as the dot products

<k> (C“‘) c®

12 » R](?f) > a(:) )[(gxx,xx - axxAT:xx > gyy,xx - ayyAT:xx > o 7/xy,xx -a AT:xx ) (D2b)

zz,xx xy

o® :((_,’1(2“, cH, RY, 5;?)[(5 -a, AT, , ¢, —-a AT , o

v,y XX,y xx 2 y,)y » 2 2z,

Ve —0AT, ) (D20)

xy

(k) (k) (k) (k) k)
=(CY, C¥, RY, C&M(eun-a.AT,, &,,-a,AT

X} Xy .xy yy Sxy?

. }/va)‘}’ - ax.\’A]jxy) (DZd)

ZZ,X)/"
The integration of the in-plane and transverse equilibrium equations requires the continuous representation of the
strain components and the transverse normal stress component so that their differentiation can be performed. The
nodal degrees of freedom obtained from the solution of Eq. (61) are then utilized to approximate their continuous
behavior in each element by employing linear interpolation functions, N, (x,y), as

3
[u‘e),v“) W, W, W;m,w(e) w(e) Wf?,w](eg’wgei,wge}),g(e) gw]zz N, (x,») O3)

© & (& (& () () (&) (e (© © © pe
[”(m)"’(m)sW(mwWl(m)ﬁwz(mwW,x(mww;(mwwl 2y Wy s Wa,x(mWa, }<m>’9x<m)’9}(m>J

in which the quantities with subscript (m) denote their value at node “m
However, for simply supported panels, their global behavior can be approximated in terms of Fourier series as

i(x,y)= iiU”’" cos(a,,x)sin(3,) (D4a)

v(x,y)= ii V"™ sin(a,,x)cos(f3,) (D4b)

[ﬁ/(x,y),ﬁ/l (%), (x,y J ii[W’"",WIW”,W;’mJsin(amx)sin(ﬁ"y) (D4c)

[ﬁ/’x (%)W, (%, 9), Wy, (X J ii[W"’" WI’T,W’""Jcos(amx)sin(ﬁ"y) (D4d)
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[ﬂ{y (x,y), vT/Ly (x,y), vT/Z,y (x,y)} = ii[W'm’ Wl";” , W’"” J sin(amx)cos(ﬁny) (D4e)
(x y) = ii@f” sin(amx)cos(ﬂny) (D4f)
0,(x,y)= 3 Z.O:(D;”’ cos(a,,x)sin(3,) (D4g)

m=1 n=1

where ¢, and g, are defined as mz /(2a) and nrx /(2b), respectively. The unknown coefficients are calculated by
employing Gauss integration techniques

N,
U™ = %Zi AU (x,,y,)cos(a,x,)sin(B,y,)v, (D5a)
ap o=y =i
1 &
p = —bZZA(e)v(”) (x,,¥,)sin(a,x, )cos(B,y, ), (D5b)
a e=1 i=1l
[Wmn’Wmn’Wan :Lii[W@)( y) (e)(x,y) (z)(x y)J
: : ab =3 (D5¢)

sin (amxi )sin(ﬂny,. )‘//i

[ v =3 S () (1) 0 ()]

p e (D5d)
Cos(am‘xi )Sin (ﬂnyi ) Vi

mn mn mn 1 Ne S e € ¢
[y iy = g 22 ()i () 08 ()] (DSe)

=1
Sln (amxi )Cos(ﬂnyl)l//l

Y
I

" = ZZA“)Q(‘”( x,, ¥, )sin(a,,x, )cos(B, v, v, (D51)

e=1 i=l
1 N, G

q):m :a_ZZA(e)a)(fe)(xi’yi)cos( m z)snl(ﬁnyr) i (Dsg)
e=1 i=l

where N, is the number of elements, G is the number of Gauss points for each element, and v, is the weight of the
numerical integration at the i” Gauss point. The area of ¢” element, A, is given as

Jror
CJER NERRNERE (D6)
R S

The Fourier coefficients are then used to obtain a continuous representation of the displacement components, using
Eq. (D4), which can now be differentiated analytically. The second partial derivatives of the displacement
components are used to calculate the first partial derivatives of the resultant strain and curvature components
employing Eq. (5), which in turn are utilized to compute the transverse shear stress. Note that the computation of the
transverse normal stress in Eq. (2a) requires the second derivative of the resultant strain and curvature components,
therefore the third order derivatives of the displacement components in Eq. (D4) are evaluated.

Through-the-thickness variations of the displacement components are computed from the strain displacement
relation as
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0

= [ (7 —u., Jd&+u,(x,p,~h/2)
2
(7 = ) - E (8 - S ME Hu, v B2)

—h/2

(a=x,y) (D7a)

0

W = [ &P +u (x,y,~h/2) (D7b)

—h/2

where u,(x,y,—h/2) and u_(x,y,—h/2) are computed from the original displacement expression given in Egs. (1)
and (3). The strain components are obtained by the stress-strain relations.

ft
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